Abstract. The main objects of this paper are torus orbifolds that have exactly two fixed points. We study the equivariant topological type of these orbifolds and consider when we can use the results of [8] to compute its integral equivariant cohomology, in terms of generators and relations, coming from the corresponding orbifold torus graph.
Introduction
The relationship between the equivariant cohomology of certain smooth manifolds M 2n , with half-dimensional torus actions T n = S 1 × · · · × S 1 , and the combinatorics of their quotient spaces is well-known. A toric manifold, defined as a compact non-singular toric variety, admits a locally standard action of a half-dimensional torus. This implies that its quotient space is a manifold with faces. The equivariant cohomology is then simply given as the face-ring of this quotient space. This can also be realized as the face-ring of the complete regular fan associated to the toric variety. A quasitoric manifold, first defined in [10] , is a topological generalization of a toric manifold whose quotient space is a simple polytope (an example of a manifold with faces) but which is more general than a smooth projective toric variety. Its equivariant cohomology is then given by the face-ring associated to the simple polytope.
Torus manifolds, appearing in [14] , are a wider class of manifolds M 2n , with half-dimensional torus action, that contain both toric and quasitoric manifolds. The main example of a torus manifold that is neither a toric nor a quasitoric manifold is the even-dimensional sphere S 2n ⊂ C n ⊕ R, where the torus acts coordinatewise on the first n coordinates. To any torus manifold we can associate a combinatorial object, called a torus graph (see [16] ), which is an n-valent graph whose vertices correspond to the fixed points of M and whose edges are labelled by irreducible torus representations. The underlying graph for S 2n is the one with exactly two vertices and n edges between them. We can then calculate the graph equivariant cohomology of the torus graph, which is a ring of piecewise polynomials on the graph. When the ordinary cohomology of M is trivial in all odd degrees, then the torus action is locally standard and the equivariant cohomology of M is isomorphic to the graph cohomology of the associated torus graph. It is also possible to give explicit generators and relations for this ring via Thom classes of the torus graph and we can see that this is isomorphic to the face-ring of the quotient space which is, in this case, a manifold with faces.
When we move from manifolds to orbifolds the picture slightly changes. In the case of singular toric varieties, including toric varieties having orbifold singularities, it was proved in [4, 11] that its equivariant cohomology with integer coefficients is given by the piecewise polynomials on its fan if its ordinary odd degree cohomology vanishes. For toric manifolds the ring of piecewise polynomials on the fan is isomorphic to the face-ring of its quotient but this is not true for orbifolds in general. In [6] it is shown that the equivariant cohomology of projective toric orbifolds, under the condition of vanishing odd degree cohomology, can be realized as a subring of the usual face-ring of the fan that satisfies an intergrality condition.
As a generalization of torus manifolds, Hattori-Masuda [14] introduced a notion of torus orbifolds which are 2n-dimensional, closed and oriented orbifold with an effective n-dimensional torus T n -action whose fixed point set is nonempty. In this paper, we mainly focus on the topology of a torus orbifold having exactly two isolated fixed points.
In Section 2 we consider the main combinatorial object of this paper which is a manifold with faces that has exactly two vertices. The suspension of a simplex gives the simplest example of such an object and we show that, up to combinatorial equivalence, these are the only ones. Torus orbifolds are discussed in Section 3 and we show how one can be constructed from a manifold with faces, with some additional information, using a quotient construction.
We restrict our attention to torus orbifolds over the suspension of a simplex in Section 4 and discuss their equivariant topological type. More specifically we show that every such torus orbifold is equivariantly homeomorphic to the quotient of an even dimensional sphere by a product of cyclic groups. Interestingly, we also find a condition on the combinatorial data for when this torus orbifold is equivariantly homeomorphic to an even dimensional sphere.
In Section 5 we give the main result from [8] which computes the equivariant cohomology of a torus orbifold X whose odd degree ordinary cohomology is trivial. To do this we associate to each torus orbifold over a manifold with faces a labelled graph, called a torus orbifold graph, which generalizes the torus graphs of [16] . We can then describe the equivariant cohomology of X as the ring of piecewise polynomials on the associated torus orbifold graph if H odd (X) = 0. We show that this is isomorphic to a weighted face ring that gives us a description of H * T (X) in terms of generators and relations. Restricting to torus orbifolds X over the suspension of a simplex we compute these ring structures explicitly.
Manifold with two vertices
In this first section, we introduce the combinatorial object which we deal with in this paper. We refer to the book [7, Section 7.1] for the notation used in this section. Let Q 1 , Q 2 be ndimensional manifolds with faces. If there is a homeomorphism f : Q 1 → Q 2 which preserves faces for two manifolds with faces Q 1 and Q 2 , then we call Q 1 and Q 2 isomorphic (in the sense of manifolds with faces). We can also define a weaker equivalence relation called combinatorial equivalence among manifolds with faces as follows. We may regard the set of faces of a manifold with faces Q as a partially ordered set by the inclusions of faces, say S(Q). If there is a bijective map between S(Q 1 ) to S(Q 2 ) which preserves the order, then we call two manifolds with faces Q 1 and Q 2 combinatorially equivalent. It is easy to check that if Q 1 and Q 2 are isomorphic, then Q 1 and Q 2 are combinatorially equivalent. However, the converse is not true, see Remark 2.2. If a manifold with faces Q has exactly two vertices (i.e., 0-dimensional faces), we call such Q a manifold with two vertices for short.
Let Q be an n-dimensional manifold with two vertices. By the definition of Q, the following properties hold: if n > 1,
(1) there exist exactly n facets, say F(Q) = {F 1 , . . . , F n }; (2) if 0 < k < n, the intersection k j=1 F ij is connected, i.e., a codimension-k face of Q; (3) conversely, for every codimensional-k face The typical example of an n-dimensional manifold with two vertices for n ≥ 1 is the suspension Σ∆ n−1 of the (n − 1)-dimensional simplex ∆ n−1 (see Figure 1 for the case when n = 2 and n = 3). More precisely, in this paper, Σ∆ n−1 is defined by
where the equivalence relation ∼ is defined by collapsing ∆ n−1 × {−1} (resp. ∆ n−1 × {1}) to the vertex p (resp. q). Note that a codimension-k face H of Σ∆ n−1 , for k = 0, . . . , n − 1, is determined by the suspension ΣF of some codimension-k face F in ∆ n−1 and codimension-n faces are the two vertices p, q in Σ∆ n−1 . Figure 1 . Suspensions of simplices Proposition 2.1. Let Q be an n-dimensional manifold with two vertices. Then Q is combinatorially equivalent to Σ∆ n−1 .
Proof. Let {F 1 , . . . , F n } be the facets of Q. Note that all of the lower dimensional facets are determined by the intersection of the F i 's except the two vertices. This combinatorial structure is exactly the same as that of Σ∆ n−1 discussed above.
Remark 2.2. We define the topology on ∆ n−1 by the induced topology from R n ≥ , i.e., ∆
. By the connected sum with a homology sphere and Σ∆ n−1 , we can construct an n-dimensional manifold with two vertices which is not isomorphic to Σ∆ n−1 (also see [9] ).
Quotient construction of torus orbifolds
In this section, we briefly recall the quotient construction of a 2n-dimensional torus orbifold. As an introduction to the subject we recommend [1] for the basic facts regarding orbifolds and the papers [12, 14] to do with torus orbifolds in particular. In this paper, a compact, connected, commutative, Lie group is called a torus, often denoted by T . We use the following notation regarding a torus T :
• t := Lie(T ), the Lie algebra of T ;
• t Z := exp −1 (e) ⊂ t is the lattice, where e ∈ T is the identity element and exp : t → T is the exponential map;
We also use the following symbol for the standard n-dimensional torus:
It is well-known that every n-dimensional torus T is isomorphic to T n . So we note that the quotient by a finite subgroup F of T n , i.e., F is isomorphic to a product of cyclic groups, is always isomorphic to an n-dimensional torus.
Remark 3.1. When we consider a torus action on an orbifold, it is quite natural to distinguish between the standard torus T and T = T/F , though they are isomorphic as Lie groups. We shall discuss this again in Section 4.
A torus orbifold defined in [14] is as follows: Definition 3.2. A 2n-dimensional closed oriented orbifold X with an effective n-dimensional torus T -action is called a torus orbifold if it has a nonempty fixed point set X T .
A connected component of the fixed point set of a circle subgroup S i of T is a suborbifold, say X i . This suborbifold X i is called a characteristic suborbifold if X i is a (2n − 2)-dimensional orbifold and contains at least one fixed point of the T -action. In the definition of torus orbifolds in [14] , we also need to choose an "invariant normal orientation" for every characteristic suborbifold X i . We will discuss this again for the case of torus orbifolds defined by the quotient construction.
Let Q be an n-dimensional manifold with faces. We write the set of facets of Q as
Let T be an n-dimensional torus. We identify the lattice t Z with Z n . A function
is called a characteristic function if it satisfies the following condition:
We call (Q, λ) an orbifold characteristic pair.
We note that for each point x in Q, there is a unique face F (x) of Q containing x in its relative interior. Condition ( * ) allows us to define a torus
o , where the symbol F o denotes a connected component of the set F . Now we define the following quotient space:
where the equivalence relation ∼ is given by (x, t) ∼ (y, s) if and only if x = y and t
It is easy to check that X := X(Q, λ) has the natural T -action induced from the multiplication of T on the second factor of Q×T , and its orbit projection X → X/T is induced from the projection onto the first factor Q × T → Q, i.e., X/T is equipped with the structure of a manifold with faces by the induced homeomorphism X/T ≃ Q. Note that if F (q) (for q ∈ Q) is a codimension-k face, then the inverse π −1 (q) is an (n − k)-dimensional orbit which is homeomorphic to T /T F (q) . More precisely, one can define an orbifold structure on X(Q, λ) in a similar fashion to [17, Section 2.1] (see [8] for a more precise account). Moreover, one can see that {π −1 (p) | p is a vertex of Q} is the set of fixed points. Hence, we conclude that X(Q, λ) is a torus orbifold.
Conversely, let X be a 2n-dimensional torus orbifold such that the orbit space X/T is isomorphic to some n-dimensional manifold with faces Q. The face structure on Q is determined by inclusion relation for isotropy subgroups. Hence, for the orbit map π : X → X/T ≃ Q, the preimage
. Let S i be the circle subgroup of T fixing X i . Then, we can define the characteristic function λ : F(Q) → Z n by a choice of a nonzero vector v i ∈ Z n ∼ = t Z such that S i = expRv i . Note that there are infinitely many choices of such nonzero vectors, i.e. if we take a primitive vector s i such that S i = expRs i , then for any r ∈ Z \ {0} the equality S i = expR(rs i ) holds. In order to determine the nonzero vector, we need to choose a "normal orientation" of X i in the following way. Due to [14, Lemma 12.1] (also see [12, Proposition 2.12]), for every x ∈ X i there is a special chart (U x , V x , H x , p x ) around x, also called a good local chart in [1] , where
It satisfies the following properties:
(1) the tangent space
ix may be regarded as the normal vector space of x ∈ X i ; (2) H x acts on W ⊥ ix ; (3) there is a (connected) finite cover S i of S i and a lifting of the action of S i to the action of S i on V x for any point x ∈ X i ; (4) the lifted action of S i acts on the normal vector space
We choose an orientation of W ⊥ ix for every x ∈ X i which we call a normal orientation of X i . On the other hand, there are exactly two primitive vectors s i and −s i such that expRs i = expR(−s i ) = S i . Note that the choice of a sign determines the orientation of S i . We take the orientation of S i such that lifted S i -action preserves the orientation of the given normal orientation of X i . Therefore, we can assign the primitive vector s i ∈ t Z to X i without sign ambiguity. Moreover, the continuous map p x : V x → V x /H x ≃ U x is an equivariant map with respect to the finite covering S i → S i /H x ≃ S i , i.e., the r i -times rotation map between circles for some r i ∈ N. Thus we may write S i = expR(r i s i ) and S i = expRs i (also see equation (4.2)).
A torus orbifold with a preferred normal orientation on each X i is called an "omnioriented" torus orbifold. In this case, the characteristic function λ : F(Q) → Z n is uniquely determined without ambiguity of scalar multiplications, i.e., λ(F i ) = v i := r i s i . We also have the following fact, see [8, Theorem 4.4 
]:
Lemma 3.3. Given a torus orbifold X with X/T ≃ Q such that H 2 (Q; t Z ) = 0, let λ be the characteristic function determined by the appropriate choice of omniorientation as above. Then, X is equivariantly homeomorphic to X(Q, λ).
Remark 3.4. In this paper, an equivariant homeomorphism means a weakly equivariant homeomorphism, i.e., an equivariant homeomorphism up to an automorphism of the groups acting on the spaces. We often denote them by (X,
Remark 3.5. Note that a choice of scalar multiplications of the λ(F i )'s changes the orbifold structure on X; however, it does not change the equivariant homeomorphism type of X. Namely, if λ(
Example 3.6 (Spindle). We denote the cyclic group of order k by C k and consider the natural surjection p k : C → C/C k . We define a spindle S 2 (m, n), for m, n = 0, as follows. The underlying topological space of S 2 (m, n) is homeomorphic to the 2-dimensional sphere S 2 . Denote the northpole of S 2 by N and the southpole by S. The orbifold structure of S 2 (m, n), for m, n > 0, is the maximal orbifold atlas U = {(U α , V α , H α , p α )} which contains the following two orbifold charts:
is also called a rugby ball and S 2 (m, 1) or S 2 (1, n) is also called a teardrop. If m is negative, then we consider the orbifold chart on U S as (U S , C, C −m , p −m ), where C is C with the reversed orientation, C −m acts on it by multiplication and p −m : C → C/C −m is the natural surjection. Similarly, we define the orbifold chart on U N when n < 0.
Note that the standard
by p m and p n respectively. Moreover, because the underlying space S 2 has an effective T 1 -action, S 2 (m, n) also has an effective T 1 -action. Then, there are two fixed point {N, S}. Therefore, (S 2 (m, n), T 1 ) is a torus orbifold and its orbit space S 2 (m, n)/T 1 is the interval [−1, 1] such that {−1} (resp. {1}) corresponds to S (resp. N ). Then, (U S , C, C m , p m ) (resp. (U S , C, C −m , p −m )) has the natural extension of the T 1 -action whose normal orientation is determined by the standard orientation of C (resp. C) and p m :
Similarly we have the T 1 -extension on the orbifold chart on U N . Hence, the characteristic function λ : {−1, 1} → Z \ {0} is defined by λ(−1) = m and λ(1) = n. This means that the pair ([−1, 1], λ) defines the spindle S 2 (m, n) (see Figure 2) .
Note that for any m, n ∈ Z \ {0}, ( From this section, we focus on the case when Q = Σ∆ n−1 . If n ≥ 2, a characteristic function λ : F(Q) := {F 1 , . . . , F n } → Z n is often illustrated by the following (n × n)-square matrix in
where λ(F i ), i = 1, . . . , n, is a nonzero vector in Z n . For simplicity, we shall write X(Λ) := X(Σ∆ n−1 , λ).
Remark 4.1. If one takes Q as a manifold with two vertices which is not isomorphic to Σ∆ n−1 (see Remark 2.2), then X(Q, λ) may not be homeomorphic to X(Λ). In general, if such a Q is not face acyclic, then a torus orbifold over Q may not be recovered from the quotient construction discussed in Section 3.
The goal of this section is to show Theorem 4.2 which illustrates the equivariant topological type of a torus orbifold X(Λ). Let π : X(Λ) → Σ∆ n−1 be the orbit projection of the T n -action on X(Λ) and X i := π −1 (F i ) the characteristic suborbifold associated to F i . Note that the integer square matrix Λ defined in equation (4.1) induces an isomorphism Λ : R n → R n ; therefore, this induces an isomorphism Λ :
Hence, we can define the following surjective homomorphism:
where T n is the standard n-dimensional torus in C n and the surjective homomorphism ι is induced from the product of the injective homomorphisms ι i : S i → T n . Put
then via the isomorphism Λ we may regard T n as the standard torus T n . By this identification, the standard T n -action on the unit 2n-dimensional sphere S(⊕ n i=1 Cλ i ⊕ R) may be regarded as the standard T n -action on S 2n := S(C n ⊕ R), where the symbol S(V (ρ) ⊕ R) for a complex ndimensional T n -representation space V (ρ) represents the unit sphere (with respect to the standard metric) in C n × R ≃ V (ρ) ⊕ R with the torus action induced from the representation ρ : T n → T n . The sphere S 2n with the standard T n -action is known as a torus manifolds with two fixed points, and its characteristic submanifolds M i ⊂ S 2n , i = 1, . . . , n, are defined by
Therefore, its normal orientation can be canonically determined by the orientation of the ith complex space. Denote
We also denote the complex one-dimensional representation ι i • p i • Λ by
where p i is the ith projection of T n . The following group is a product of cyclic groups because it is a finite subgroup of an abelian group (see Remark 4.4):
Then, we can consider the following action induced from the standard action (S 2n , T n ):
It is easy to check that there are exactly two fixed points of this action and that the characteristic suborbifolds X i ⊂ S 2n /G(Λ), i = 1, . . . , n, are given by
where the M i 's are defined in equation (4.3). Since only the ith factor of T n fixes M i , X i is fixed by µ i (T n ) = S i = expRλ i ⊂ T n . Here, we define the normal orientation of X i as the normal orientation of M i . This shows that the characteristic function of (S 2n /G(Λ), T n /G(Λ)) coincides with that of (X(Λ), T n ). Hence, by using Lemma 3.3, we have the following theorem:
Theorem 4.2. Assume n ≥ 2. Let X(Λ) be a torus orbifold over Σ∆ n−1 with a characteristic function Λ. Then (X(Λ), T n ) is equivariantly homeomorphic to (S 2n /G(Λ), T n /G(Λ)).
Remark 4.3. If G(Λ) is the trivial group, then (S 2n /G(Λ), T n /G(Λ))) is the torus manifold (S 2n , T n ). This fact is generalized in Proposition 4.9.
Remark 4.4. By using the Smith normal form, there exist P, Q ∈ GL(n; Z) such that the sequence (4.2) can be written as follows:
where
for some positive integers r 1 , . . . , r n such r 1 |r 2 | · · · |r n , and C r ∼ = Z/rZ is the cyclic subgroup in T 1 . Here, we can compute r i , i = 1, . . . , n, as
where m 0 (Λ) := 1 and m i (Λ) is the ith determinant divisor, i.e., the greatest common divisor of all i × i minors of Λ.
Remark 4.5. One of the consequences of Theorem 4.2 is that X(Λ) with n ≥ 2 is equivariantly homeomorphic to a global quotient, i.e., X(Λ) is obtained by the quotient of a finite group action on a manifold; therefore, X(Λ) is a good orbifold (see [1] ). On the other hand, we can easily check that a 2-dimensional torus orbifold with two fixed points is a spindle S 2 (m, n) as described in Example 3.6. It is well-known that the spindle S 2 (m, n) for |m| = |n| is a bad orbifold, i.e., it can not be obtained by the global quotient of S 2 . However, we note that every torus orbifold S 2 (m, n) is equivariantly homeomorphic to the torus manifold S 2 as a topological space (ignoring the orbifold structure). 
Furthermore, there is the following special orbifold chart around x:
Note that G(Λ) acts on S 2n−1 = {(z 1 , . . . , z n , 0) ∈ S(C n ⊕ R)}. Denote its orbit space by
which is called an orbifold lens space in [6] . We note that this orbifold L(Λ) has a natural T n -action. Moreover, U x is a cone on L(λ) which gives the following corollary: Corollary 4.7. The torus orbifold (X(Λ), T n ) for n ≥ 2 is equivariantly homeomorphic to (ΣL(Λ), T n ), where the T n -action on the suspension ΣL(Λ) is the natural extension of the T naction on L(Λ).
Remark 4.8. When G(Λ) is isomorphic to a cyclic group C p and acts freely on S 2n−1 , then L(Λ) is a lens space. Kawasaki [15] considers the case when a cyclic group C p acts almost freely on S 2n−1 and calls the quotient space S 2n−1 /C p the twisted lens space which is an orbifold in general (in [2, 5] , a twisted lens space is also called a weighted lens space).
It is well-known that the T 1 -action on S 2 (m, n) is equivariantly homeomorphic to the standard T 1 -action on S 2 . Therefore, for any m, n( = 0), their equivariant cohomologies are isomorphic. Finally we prove the following theorem which generalizes the fact S 2 (m, m) = S 2 /C m . Proof. If Λ is the diagonal matrix Λ ′ in Remark 4.4 then X(Λ) is the orbifold S 2n /C r1 × · · · × C rn , where C r1 × · · · × C rn acts on the complex coordinates in S 2n ⊂ C n ⊕ R coordinatewise. Then, because the scalar products on the characteristic functions does not change the topological type of the underlying topological space, this is equivariantly homeomorphic to the torus manifold obtained by taking Λ = I n .
The equivariant cohomology of X(Λ) with H
odd (X(Λ)) = 0
In this final section, we compute the equivariant cohomology of X(Λ) with H odd (X(Λ)) = 0 by using the formula in [8] . In what follows, we often identify t * Z := Hom(t Z , Z) with H 2 (BT ; Z) ∼ = Z n . We first consider the ordinary cohomology of X(Λ). As X(Λ) is simply connected (because of Corollary 4.7), H 1 (X(Λ)) = 0. Moreover, for H 3 (X(Λ)), the following lemma holds:
Lemma 5.1. Assume n ≥ 2. Let N be the smallest subgroup of G(Λ) which contains all those elements of G(Λ) that fix points in
Proof. Since n ≥ 2, S 2n−1 is simply connected. Moreover, G(Λ) acts on S 2n−1 effectively. Therefore, by [3] , we have that
/N is not the identity group; namely, G(Λ) = N . By using the universal coefficient theorem, we have
Remark 5.2. Suppose that the product of cyclic groups G = C r1 × · · · × C rn acts on S 2n−1 ⊂ C n coordinatewise (also see Remark 4.4). Let N be the smallest subgroup in G which contains all those elements of G which have fixed points. Then, N = G. Therefore, by Lemma 5.1,
5.1. Orbifold torus graph of (Q, Λ). Let (Q, Λ) be a pair of a manifold with two vertices and a characteristic matrix. Note that if dim Q = 1 then (Q, Λ) is always ([−1, 1], λ) induced from the spindle S 2 (m, n) discussed in Example 3.6 and if dim Q ≥ 2 then we may define the characteristic function as the matrix given by (4.1) because the combinatorial structure is the same as Σ∆ n−1 . We shall define an orbifold torus graph (Γ, α) of (Q, Λ) as follows. Let Γ = (V(Γ), E(Γ)) be the one-skeleton of Q, i.e., V(Γ) is the set of the two vertices and E(Γ) is the set of the n edges of Q. By the combinatorial structure of Q, we may regard the edge e j ∈ E(Γ), j = 1, . . . , n, as a connected component of the intersection of exactly (n − 1) facets, i.e., F(Q) \ {F j }; and we also denote the normal facet of e j by F j , i.e., F j ∩ e j = V(Q). Now, we define a function
by the following system of equations:
where , denotes the natural paring between a vector space t Q and its dual space t * Q . Note that λ(F i ) ∈ t Z ⊂ t Q . We call such a labeled graph (Γ, α) an orbifold torus graph of (Q, Λ).
Remark 5.3. In [8] , we define an abstract orbifold torus graph which is a generalization of torus graphs in [16] .
Denote by e the reversed oriented edge of e, i.e., i(e) = t(e) and t(e) = i(e). Example 5.5. Assume dim Q ≥ 2. Let Λ * be the transpose of the cofactor matrix of Λ, i.e., Λ * Λ = (det Λ)I n . We may put
where µ i ∈ Z n ∼ = t * Z is the one-dimensional representation of T n defined in equation (4.4) . Then, by equation (5.1), the vector µ i ∈ t * Z satisfies the following equation:
where e i is the edge of Σ∆ n−1 which is not contained in the facet F i (see Figure 4) . We put D := det Λ.
• • For an orbifold torus graph (Γ, α), we define the following rings. Definition 5.6 (Graph equivariant cohomology). The following ring is said to be the (integral) graph equivariant cohomology ring:
where r e is the minimal positive integer such that r e α(e) ∈ t * Z ∼ = H 2 (BT ; Z) and i(e) (resp. t(e)) is the initial (resp. terminal) vertex of an oriented edge e.
Here, H * T (Γ, α) may be regarded as an H * (BT ; Z)-subalgebra of v∈V(Γ) H * (BT ; Z). Then r e α(e) ∈ H 2 (BT ; Z) and there is a natural grading in H * T (Γ, α) induced by the grading of H * (BT ; Z). Note that all edges satisfy r e α(e) = ±r e α(e) (see [8] ). We may define the cohomology of (Γ, α) over rational coefficients as follows:
Similarly, this has the natural H * (BT ; Q)-algerbra structure. This coincides with the definition of the cohomology ring of a GKM graph in [13, Section 1.7] . One can see that H * T (Γ, α) is a subring of H * T (Γ, α; Q). We call H * T (Γ, α; Q) the rational graph equivariant cohomology. The next theorem is a consequence of applying the main result of [8] restricted to the case of torus orbifolds with two fixed points.
Theorem 5.7. Assume X := X(Q, λ) satisfies H odd (X) = 0. Then, there is an isomorphism
, where (Γ, α) is the orbifold torus graph of (Q, λ).
Remark 5.8. The above theorem also holds for more general GKM orbifolds satisfying certain conditions (see [8] ).
Weighted face ring.
Given an n-valent orbifold torus graph (Γ, α) of (Q, λ). Let F be an (n − k)-dimensional face in Q (see Section 2). Then there is an (n − k)-valent subgraph Γ F which is the one-skeleton of F . We call this subgraph an (n − k)-dimensional face of (Γ, α). Each face Γ F defines a rational Thom class τ F ∈ H 2k T (Γ, α; Q) as follows:
Note that deg τ F = 2k for a codimension-k face F . We formally define τ ∅ = 0, τ Γ = 1. Let F be the set of all faces in (Γ, α) and Z[τ F | F ∈ F ] be the graded polynomial ring generated by the rational Thom classes, where the grading is given by the degree of τ F . Set the graded subring Then, it is easy to see that the elements in Z Γ,α of the form
are 0 for all vertices v ∈ V(Γ), where the summation runs through all connected components in E ∩ F . Here the symbol E ∨ F represents the minimal face which contains both E and F ; note that if E ∩ F = ∅ then the face E ∨ F can be uniquely determined (also see [16] ). Therefore, we can define the ideal I of Z Γ,α generated by all elements defined by (5.4). Set
We call this ring the weighted face ring of (Γ, α).
The following theorem is one of the main results in [8, Theorem 3.6]:
Theorem 5.10. Let (Γ, α) be the orbifold torus graph induced from (Q, λ). Then the following graded rings are isomorphic:
. Therefore, together with Theorem 5.7, we have the following corollary:
Corollary 5.11. If the torus orbifold X(Q, λ) satisfies H odd (X(Q, λ)) = 0, then its equivariant cohomology satisfies
where (Γ, α) is the induced orbifold GKM graph from (Q, λ).
5.3.
The equivariant cohomology of X(Λ) when H odd (X(Λ)) = 0. Now we may compute the equivariant cohomology of X(Λ) when H odd (X(Λ)) = 0. If n = 1, we may think X(Λ) as a spindle. Due to Section 2, the graph Γ = (V(Γ), E(Γ)) of Q (manifold with two vertices) is given by V(Γ) = {p, q}, E(Γ) = {e 1 , . . . , e n , e 1 , . . . , e n } where i(e i ) = p and t(e i ) = q for i = 1, . . . , n, and the axial function α :
Then the rational Thom class τ i := τ Fi corresponding to a facet F i (the normal facet of e i ), i = 1, . . . , n, is an element in Z Γ,α . Indeed,
Set τ p and τ q as the Thom classes of the vertices, i.e.,
Let a i (i = 1, . . . , n), a p and a q be the smallest positive integers such that a i τ i , a p τ p , a q τ q ∈ H * T (Γ, α). Note that a p |D and a q |D by equations (5.5) and (5.7). We put τ i := a i τ i (i = 1, . . . , n), τ p := a p τ p and τ q := a q τ q . Since any g ∈ Z[Γ, α] with deg g < 2n is a global polynomial, it is generated by x 1 , . . . , x n . If f ∈ H * T (Γ, α) has a degree ≥ 2n, then there is the integral global polynomial g ∈ Z[x 1 , . . . , x n ] such that f (q) − g(q) = 0. Put h = f − g. Then it follows from Definition 5.6 that h(p) is divisible by a p τ p (p)(=: τ p ). Therefore, there exists a global element g ′ ∈ Z[x 1 , . . . , x n ] such that h = g ′ τ p . This shows that any f ∈ H * T (Γ, α) is generated by x i (i = 1, . . . , n), τ p and τ q . It follows easily from equation (5.4) that all relations can be generated by τ p τ q and τ 1 · · · τ n − ( τ p + τ q ). On the other hand, equation (5.8) tells us that τ i = µ i (x). Therefore, we establish the relations.
Consequently, we have the following corollary: Remark 5.14. If G(Λ) = {e} then X(Λ) = S 2n , i.e., a torus manifold. Therefore, we can also obtain the above fact for the case of the standard 2n-dimensional sphere by using the main theorem of [16] .
The equivariant cohomology of S
2 (m, n). In this final subsection, we apply Corollary 5.13 to the case of spindles.
Recall the spindle S 2 (m, n). This is homeomorphic to S 2 , therefore, H odd (S 2 (m, n)) = 0. The orbifold torus graph of S 2 (m, n) is the one defined in Figure 3 . In this case, the rational Thom classes for the two vertices p(= −1) and q(= 1) are defined as follows: We note that this is isomorphic to the equivariant cohomology of the standard T 1 -action on S 2 .
